Abstract-Numerical techniques for calculating electromagnetic fields within three-dimensional surfaces are computationally intensive. Therefore, this paper presents the application of a modematching technique developed for analyzing electromagnetic scattering from periodic comb surfaces illuminated by a plane wave. A set of linear equations has been developed to calculate mode coefficients of the field distribution for both E-and H-polarized incident waves. Analysis is performed for two cases where the comb thickness is either infinitely thin or of a finite thickness. The technique is shown to accurately predict both field intensities within the near-field of the periodic surface and far-field scattering patterns. Results are compared to those obtained using the finite integration techniques (FIT) implemented in CST Microwave Studio. Furthermore, numerical results are compared to measurements of an aluminum prototype. Additional far-field scattering measurements using a bi-static system provide additional confidence in CST simulations and the mode-matching methods presented here.
A Mode-Matching Technique for Analysis of Scattering by Periodic Comb Surfaces mode-matching technique was applied to scattering by an inclined strip grating and in [8] , this method was used to arrive at simple approximate closed-form formulas for mode coefficients of a parallel-plate waveguide. In this paper, we apply mode-matching technique to solve the problem of scattering by a comb-grating structure. Analytical solutions have been applied to many different periodic structures, such as sinusoidal [9] , saw-shaped [10] , and comb [11] gratings. A comparison of different methods is described in [12] , with the scattering from a sinusoid considered with the use of the Masel, Merrill, and Miller (MMM) method [13] , the modified physical optics (MPO) method [14] , and Waterman's plane harmonics (WPH) [15] method all discussed. Modematching methods have been investigated in [16] , where the analysis is based on Green's second theorem, describing the integration around a closed contour. Various periodic structures such as high impedance surfaces (HIS) are analyzed using the mode-matching analysis in [17] .
In this paper, we present a mode-matching solution to the scattering and fields within a periodic comb surfaces, reinforced by CST simulations and experimental measurement of an aluminum surface. Building on the work referenced above, we present analytical solutions for calculating the electric field within or above a comb surface. Equations are developed for both TE and TM polarizations and can be applied to combs having any finite thickness. This enables computationally fast analysis of periodic scattering surfaces.
Section II introduces the use of Floquet scattering modes in combination with waveguide cavity theory to calculate field distribution of a periodic comb structure. Section III provides a generic field-matching solution, whereby the thickness of the fins does not affect the analytical solution, to calculate the respective field at a certain position on the structure. Section IV uses the electric field calculation for infinitely thin fins (t = 0) to calculate the far-field scattering pattern of the structure. These analytical results are verified using CST simulations. Section V expands on the field calculation to consider when there is a finite thickness to the fins (t > 0). Once again, CST simulations are produced to compare to our analytical results. Section VI uses experimental measurements and further CST simulations to further verify the analytical work presented in this paper. This paper is concluded in Section VII.
II. ANALYTICAL FORMULATION
In this section, we present the analytical formulation of the equations required to calculate the electromagnetic fields within 0018-926X © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. a periodic comb surface. A two-dimensional (2-D) geometry of the periodic surface and incident wave is shown in Fig. 1 . The structure consists of perfectly conducting periodic fins of thickness t on a ground plane. In contrast to previous research [17] , this work considers surfaces that are electrically large in terms of the wavelength of the illuminating source. The period and height of the fins are denoted by p and d, respectively. The inner distance between the fins is L where
Mathematically, the problem is split into two different regions, where the field is calculated by different equations. Region I is positioned above the structure at z > 0. Region II occurs in the structure itself at distance −d < z < 0. These regions are labeled as I and II (see Fig. 1 ). The electromagnetic plane wave illuminating the periodic surface is represented by the vector k i and is incident in Region I at an angle θ and is reflected (as specular scatter) at an angle φ. The angles θ and φ are positive when the x-components of k i and k s are, respectively, in the positive direction of x-axis. The scattering scenario is treated as a 2-D problem within the x-z plane.
Using the time harmonic phasor form (e jωt ) of an incident plane wave illuminating the surface expressed as e −j(α0x−β0z) (1) the resulting wave is scattered from the periodic surface and can be expressed as the summation of spatial harmonics based on Floquet theory [18] , namely
Then, the total field in Region I, representing the ycomponent of electric or magnetic field intensity in the case of a TE-or TM-polarized incident wave, can therefore be expressed as
where unitary amplitude of incident wave is assumed, k 0 is the wave number, and α and β are x-and z-components of k 0 , respectively,
and
Due to the electrically large size of the features of the periodic surface, the total field in Region II can therefore be written as a summation of forward-traveling and reflected wave within a waveguide cavity as
in the case of TE-polarized incident wave and as
in the case of TM-polarized incident wave, where the imaginary part of k m must be negative to ensure wave attenuation along the z-axis
Equation (5a) and (5b) enables us to develop a series of analytical formula described in the following sections of this paper.
III. GENERIC FIELD-MATCHING SOLUTION FOR FINS OF ARBITRARY THICKNESS
In this section, we develop a generic field-matching solution for the periodic surface illustrated in Fig. 1 , comprising of fins of arbitrary thickness. Such a solution enables us to predict the field distribution within or near to an infinite periodic structure. The validity of the theory is assumed for structures with a finite number of fins as well.
First, this has been achieved by developing the work published in [7] and [8] to utilize Green's second theorem [19] to match fields ψ I and ψ II . By selecting the integration pathintersecting regions I and II thus relates both fields in one equation. Therefore, Green's second theorem can be expressed in the form
where the integration is made along an arbitrary closed curve C and forms a boundary of surface S. The curve C is represented by its outer normal N . The function φ is an auxiliary function; in the case where φ satisfies Helmholtz equation, the right side of (7) is equal to zero. In our case, the curve C is chosen as indicated in Fig. 1 , where the integration is completed over one period of the grating. The contribution to the integral is in both directions of the x-axis only; the contribution in the direction of z-axis is negligible. Assuming that φ satisfies Helmholtz equation, (7) yields
In general, ψ I and ψ II are expressed using an infinite number of coefficients: A m and B m , for ψ I and ψ II , respectively. Practically, the number of coefficients is limited as m = −M, . . . , −1, 0, 1, . . . , M in the case of A m coefficients and m = 1, 2, . . . , 2M + 1 in the case of B m coefficients, resulting in overall number of unknowns in (8) equal to 4M + 2. Therefore, 2M + 1 of pairs of linearly independent equations are needed to solve for A m and B m coefficients. This is achieved by selecting 2M + 1 linearly independent pairs of φ as
for TE polarization where n = 1, 2, . . . , 2M + 1. Similarly, they can be represented as
for TM polarizations where n = 0, 1, . . . , 2M . Inserting (3), (5), and (9) in (8) gives the following set of linear equations that are used to calculate A m and B m :
where
and where
for TM pol., n = 0.
The field distribution within or near to the structure is now readily available using (3) and (5) with the use of A m and B m coefficients that are in turn obtained by solving the set of equations (10) . As Regions I and II have to be identical at the boundary (z = 0), the number of harmonics in each region must be the same, i.e., 2M + 1. This is also necessary for the numerical stability of solving (10a) and (10b). In general, for a given geometry, the number of modes considered M must increase as the frequency of interest increases. For the examples presented in this work, M = 19, although M = 7 would provide comparable results for frequencies up to 20 GHz.
A. Comparison of Analytical Simulation With CST for Infinitely Thin Combs
The analytical solution generated in the previous section is compared to the finite integral technique (FIT)-based software CST Microwave Studio [20] , in order to verify the theoretical prediction of field distribution by (3) and (5) using coefficients obtained by the procedure described earlier in this section. For both the analytical solution and the CST simulation, the tested periodic surface consists of 12 fins separated by a fin period p of 20 mm. The height of each fin d is 50 mm. The width of the structure along the y-axis direction is 400 mm. CST simulations were performed for both the full three-dimensional (3-D) structure and the representative 2-D structure using periodic boundaries as described in [4] which is more computationally efficient.
The magnitude of the y-component of the electric field intensity E y for TE, and magnetic field intensity H y for TM polarized incident waves are shown in Fig. 2 , where E y = ψ I and H y = ψ I /Z 0 . The field is calculated with respect to unitary amplitude of incident electric field intensity. The observation point is in the center of the structure at height z = 20 and −20 mm. The field intensity is shown as a function of frequency for incidence angle θ = 50
• . The predicted fields outside (z = 20 mm) and inside (z = −20 mm) the structure are shown in Figs. 2 and 3 , respectively. The results show that there is excellent agreement between the mode-matching approach described previously, and the fully numerical solution obtained by CST. It can be observed that the CST simulation results for 2-D and 3-D cases are almost identical.
The CST simulated E-field intensity on the boundary of the two regions as a function of y-dimension (x = 11 cm, Fig. 4 documenting that the field along the y-axis can be considered roughly invariant.
As well as obtaining accurate results for the examples given in this paper, the analytical mode-matching method is several orders of magnitude faster than CST. For example, for a computer with a 2.83-GHz processor and 8-GB RAM, the mode-matching technique takes 200 ms to analyze the structure for one polarization and 200 frequency points as shown in Figs. 2 and 3 . The calculation of the same result using CST takes approximately 10 min for the 3-D case and approximately 60 s for the 2-D case.
B. Comparison of Analytical Results With CST for Combs With a Thickness Greater Than Zero
Numerical simulations and the proposed analytical technique are compared for fins of nonzero thickness, which is shown in Figs. 5 and 6 for surfaces with a thickness of 1.6 mm. The results show that there is still a good agreement between the proposed approach based on mode matching and the fully numerical solution by CST for nonzero thickness. Increased fin thickness lowers the separation of the plates of the waveguide formed by the fins and shifts the frequency pattern in Figs. 5 and 6 toward higher frequencies compared to the case of infinitely thin fins. This applies only to TE polarization, however. For TM polarization, the fin thickness is not significant.
To investigate the influence of the fin thickness t on the mode-matching simulation accuracy, comparisons have been made for three cases (t = 2 mm, t = 5 mm, and t = 10 mm) while keeping the fins' period constant (p = 20 mm). The resulting comparisons can be seen in Fig. 7(a) and (b) for TE and TM polarizations, respectively. It can be observed that the two results correspond quite well for smaller fin thickness (where t/p <= 0.25) while diverging for increased fin thickness (where t/p = 0.5).
IV. FAR-FIELD SCATTERING FOR INFINITELY THIN COMBS
In order to calculate the far-field scattering by the periodic surface with infinitely thin combs, the scattered component of the field ψ I (x, y) has to be calculated at points where z = 0 and integrated over the surface of the structure using KirchhoffHuygens principle as [21] E s = jk 0 4πr
A m e −j(αmx+βmz) (13) and where the exponential term in (12) represents the phase shift relative to an element at x = 0. The phase term e −jk0r is neglected in (12) . W is the width of the structure measured along the y-axis and X is the dimension of the structure along the x-axis which can be expressed as X = (N f − 1) · p where N f is the number of fins and p is the fin period. The distance r is the distance between the surface and the receiving point, and is the same for all points on the structure due to the far-field scattering assumption. Evaluating (12) gives the far-field scattering at a distance r in the x-z plane as a function of incidence θ and scattering angle φ Fig. 8 shows the far-field scattering pattern of the structure as a function of scattering angle φ at a frequency of 12 GHz. In this case, the fins of the structure are infinitely thin. The angle of incidence θ is 50
• . In this case, the reference distance for the pattern calculation was 1 m. Relatively good agreement can be observed between the CST prediction and mode-matching simulation using (14) . Our mode-matching equations offer a good prediction of the expected CST result in a much faster solver time, with small discretion for φ > 75
• and φ < −55
• for TE and TM polarizations. 
V. FAR-FIELD SCATTERING FOR COMBS WITH A THICKNESS GREATER THAN ZERO
A similar approach as in Section IV was used to derive formulas analogical to (14) for a structure with fins of a thickness greater than zero. Note that the amplitude of ψ s I (x, 0) is equal to zero and one for n (L + t) − t < x < n (L + t) in the case of TE and TM polarizations, respectively, due to boundary conditions; n = 0, 1, . . . , N f − 1. Evaluating (12) and taking into account boundary conditions gives (15) and (16) . Fig. 9 shows the far-field scattering pattern of the structure as a function of scattering angle φ. The periodic structure is the same as in the previous case with exception of thickness of the fins set equal to t = 1.6 mm.
The frequency of interest is 12 GHz. As can be seen from comparison of Figs. 8 and 9, the fin thickness has an impact on the scattering pattern.
VI. EXPERIMENTAL MEASUREMENT OF FAR-FIELD CHARACTERISTICS
Further investigation of the far-field characteristics was conducted using CST simulations, the mode-matching method, and retrospective far-field scattering measurements. To perform accurate measurements for comparison and validation of the other two techniques, a prototype aluminum surface was manufactured using bent aluminum strips secured using rivets to an aluminum ground plane, creating a surface with overall dimensions of 621 × 600 mm. The constructed surface had a fin period of 23 mm, height of 50 mm, and thickness of 1.6 mm. The final prototype is shown in Fig. 10 .
Measurements of the aluminum surface were conducted to characterize the far-field scattering of the surface, relative to angle of scatter. These were conducted in a bi-static measurement chamber, developed in [22] . A frequency range of 8-18 GHz was measured, using a sweep time of 2 s, and intermediate frequency bandwidth (IFBW) of 1 kHz on an Agilent E8720 vector network analyzer (VNA). Relevant time gates were used to remove noise.
A. Far-Field Measurements at 12 GHz
The scattering from the periodic aluminum prototype and a flat metal plate were measured for both TM and TE polarizations, and plots at 12 GHz are shown in Figs. 11 and 12 , respectively. For TM polarization, there is a clear reduction in specular scatter at 50
• , redirected as backscatter at approximately −20
• . Due to the large beamwidth of the horn antenna, the peak in specular scatter covers a large angle of scatter than in CST simulations and mode-matching solutions. A similar response is shown for TE polarization in Fig. 12 , although the surface does not have such a large reduction in specular scatter at this frequency for TE polarization. Once again, there is a peak increase in backscatter at −20
• .
B. Full Scattering Analysis
Measurement results were extended to produce a scattering measurement across a whole range of frequencies for comparison with both CST simulations and mode-matching results. This was done for TM polarization and an angle of incidence of 50
• . A full frequency sweep of the scattering characteristics using the bi-static measurement system is shown in Fig. 13 . The main scattering lobes can be compared to Fig. 14 , where a similar response is obtained using the mode-matching technique, and illuminated with a unitary amplitude plane wave and receiver reference distance equal to 1 m. For both cases, it is possible to see the sweeping backscatter angle as the frequency increases. As previously described in literature, this is linked to Bragg's law [4] , [22] . The beamwidth in Fig. 13 is much larger due to the types of antenna horn used in measurement.
Simulation results of the CST model in Fig. 15 reveal an identical response to that in Fig. 14, showing that the modematching technique can be used to accurately obtain results much more quickly than measurements and numerical techniques.
VII. CONCLUSION
In this paper, we have presented a novel mode-matching technique that is suitable for calculating the electric and magnetic fields within the near-field region of a periodic comb surface and the resultant far-field scattering pattern. The fields can be expressed as an infinite sum of modes and the coefficients of individual modes are obtained by solving the proposed set of linear equations. The proposed technique is suitable for analysis of such surfaces illuminated by both E-and H-polarized incident waves. Analysis has been performed for two cases where the comb thickness is either infinitely thin or of a finite thickness. Calculated results are in good agreement to those obtained using the FIT implemented in CST Microwave Studio (CST MSW). Our mode-matching technique is computationally faster by several orders of magnitude when compared to FIT. Furthermore, numerical results are compared to measurements of an aluminum prototype. Far-field scattering measurements are obtained using a bi-static system. These results provide additional confidence in the validity of CST simulations and the mode-matching methods presented within this paper.
